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Spaces in which motion can be observed and mappings 

between them

Motor Torques



 Given a robotic arm with multiple motor-actuated joints, 

determine the joint torques required to drive the arm from its 

initial state to a desired configuration or trajectory.

3

Originally a problem from robotics



Why are we studying dynamics modelling?
Kinematic vs dynamic models:

• What we’re really doing is modeling the manipulator

• Kinematic models

• The study of motion without regard to forces

• Simple control schemes

• Good approximation for manipulators at low velocities and accelerations when inertial 

coupling between links is small

• Not so good at higher velocities or accelerations

• Dynamic models

• The study of motion with regard to forces. The study of the relationship between 

forces/torques and motion. Composed of kinematics and kinetics

• More complex controllers

• More accurate
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Dynamic model 

• The dynamics, related with accelerations, loads, masses and inertias.
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In Actuators…….

 • The actuator can be accelerate a robot’s links for exerting enough forces and torques at a desired 

acceleration and velocity. 

 • By the dynamic relationships that govern the motions of the robot, considering the external loads, the 

designer can calculate the necessary forces and torques. 

Force-mass-acceleration and torque-inertia-angular acceleration 
relationships for a rigid body. 



Dynamic model 

• Dynamic models

• Forward/Direct Dynamics (Simulation):

 Give the actuator forces and torques compute the resulting motion. Give 𝜏 calculate 𝜃 

, ሶ𝜃 , ሷ𝜃

• Inverse Dynamics (Control & Biomechanics Analysis):

 Give the desired, calculate the actuator forces and torques. Give 𝜃 , ሶ𝜃 , ሷ𝜃 calculate 𝜏
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Dynamic Modelling Methods

 Inverse Dynamics/ Forward Dynamics

 Euler-Lagrange (energy based/principle of virtual work)

 Newton-Euler Algorithm
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Approaches to dynamic modelling 
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Euler-Lagrange method 

(energy-based approach)



Calculating Equations of Motion 

using the Lagrangian

UTL −=

Kinetic energy Potential energy
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Example

Fig. 4.2 Schematic of a simple cart-spring system. Fig. 4.3 Free-body diagram for the sprint-cart system. 

• Lagrangian mechanics
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• Newtonian mechanics 
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• The complexity of the terms increases as the number of degrees of freedom and variables.

Solution

Derive the force-acceleration relationship for the one-degree of freedom system.



Example: pendulum

Earlier, we derived the equation of motion of the inverted pendulum by 

summing the torques:
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You can also do it using the Lagrangian:
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Example: pendulum
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Example: pendulum

( ) qFqmglqml  −=+ cos2

w/ torque and friction:

Torque applied at 

motor
Coefficient of friction

If you want to think about a motor actuating the joint:

motor
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Example: 2DoF Robot



















Questions

Thank You
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