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Today’s Agenda

* Introduction.
* Kinematic Decoupling.
* Inverse Position (Geometric Approach).

* Inverse Orientation. (Algebraic Approach)




Introduction

Inverse Kinematics

Given: Desired position and orientation of
end-effector, p.
Required: Joint Variables q (# or d) to get p

q=f(p)

Given the desired 4 x 4 homogeneous transformation H

1'??1 ‘3’?1
1= [m 1}

The task is to find a solution (possibly one of many) of the equation:

T (g1, - - an) = A1(q1) As(q2) ... Anlqn) = H

It is 12 equations with respect to n variables ¢1.....q,



Introduction

Example 1

Recall the Stanford Manipulator. Suppose that the desired position and orientation of the final
frame are given by:
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Introduction

Example 1

To find the corresponding joint variables 84, 05, d3, 84, 0=, and 8, we must solve the following
simultaneous set of nonlinear trigonometric equations:

c1lea(cgescg — Sg8¢) — sasseg] — si(sgcsce + cq86) = 0
s1|ca(cacsce — s486) — sasseg| + c1(sacsce + c4s6) = 0
—s9(cqc5ce — s456) — caspeg = 1
c1|—ca(cacsse + s4c6) + s2s5se] — s1(—sac556 + cacg) = 1
s1|—ca(cacnse + sacg) + sas586] + c1(—sac556 + cacg) = 0
52(64(2535 + 34C5) + 9855 = 0
1 (CQC4S5 + SQCE’,) — 818485 = 0
51 (626485 + SQCE’,) + 18485 = 1
—S89cq85 +coc = 0

c182d3 — sydo + dg(c1cacyss + cregsg — sysqs5) = —0.154

s1s2ds + c1da + dg(c18485 + cacys185 + c5s1s2) = 0.763

cads + dg(cacs — cqs985) = 0



Introduction

Example 1

If the values of the nonzero DH parameters are d, = 0.154 and d, = 0.263, one solution to this set
of equations 1s given by:

[t satisfies the forward kinematics equations for the Stanford Arm.

* The equations in the example are much too difficult to solve directly in closed form. This is the
case for most robot arms.

* Therefore, we need to develop efficient and systematic techniques that exploit the particular
kinematic structure of the manipulator.

* Whereas the forward kinematics problem always has a unique solution that can be obtained

simply by evaluating the forward equations, the inverse kinematics problem may or may not
have a solution. Even if a solution exists, it may or may not be unique.

* The inverse kinematics problem may be solved numerically or in closed form. Finding a
closed-form solution means finding an explicit relationship:

= felh11,... h3e), k=1,....n



Kinematic Decoupling

For manipulators having six joints with three consecutive
joint axes intersecting at a point (such as the spherical wrist
in Stanford Manipulator), 1t 1s possible to decouple the
inverse kinematics problem into two simpler problems,
known respectively as inverse position Kinematics, and
inverse orientation kinematics.

First finding the position of the intersection of the wrist
axes, called the wrist center, and then finding the
orientation of the wrist.

let us suppose that there are exactly six degrees of freedom
and that the last three joint axes intersect at a point o.,.

We express two sets of equations representing the rotational
and positional equations




Kinematic Decoupling

where o and R are the desired position and orientation of the tool Rg(ql co...qs) = R
frame, expressed with respect to the world coordinate system.
Thus, we are given o and R, and the inverse kinematics problem
1s to solve for gy....., g4

The motion of the final three joints about these axes will not
change the position of o, and thus the position of the wrist
center 1s a function of only the first three joint variables.

oglqi.....q) = o

The origin of the tool frame (whose desired coordinates are
given by o) 1s simply obtained by a translation of distance d
along z, from o.,.

In our case, z; and g, are the same axis, and the third column of
R expresses the direction of z, with respect to the base frame.
Therefore, we have

o = o0+dgR | 0 »0) = o—dgR | 0




Kinematic Decoupling

* Thus, to have the end effector of the robot at the point with coordinates given by o and with the
orientation of the end effector given by R = (r;), it 1s necessary and sufficient that the wrist
center o, have coordinates given by

and that the orientation of the frame oz, With respect to the base be given by R.

* If the components of the end effector's position o are denoted o,, 0,, 0, and the components of
0

the wrist center o, are denoted x.., y,, z. then:

* We may find the values of the first three joint variables.
* This determines the orientation transformation Rg which depends only on these first three joint
variables.



Kinematic Decoupling

We can determine the orientation of the end effector relative to the frame o;x;p;z; from the

expression

R = RIR? R} = (RY)'R=(R)'R

Note that the righthand side of above equation 1s completely known since R 1s given and Rg

can be calculated once the first three joint variables are known.



Inverse Position: A Geometric Approach

For the most common kinematic arrangements that we consider, we can use a geometric
approach to find the variables ¢q,, ¢,, ¢; corresponding to 0?.

Since most six-DOF manipulator designs are kinematically simple, usually consisting of one of
the five basic configurations with a spherical wrist, the geometric approach 1s simple and
effective.

The complexity of the inverse kinematics problem increases with the number of nonzero DH
parameters. For most manipulators, many of the a;, d; are zero, the a; are 0 or 7/2, etc.

The general 1dea of the geometric approach 1s to solve for joint variable ¢; by projecting the

manipulator onto the x;_1 — y;_1 plane and solving a simple trigonometry problem.

For example, to solve for 81, we project the arm onto the xy — yo plane and use trigonometry

to find 0.



Inverse Position: A Geometric Approach

Spherical Configuration (RRP)

 We first solve the inverse position kinematics for a three
degree of freedom spherical manipulator with the

components of 0, = 02 denoted by x,, y., z, .

Projecting o, onto the xy — yo plane, we see that

61 = Atan2(z., y.)

flo = Atan2(r, s) + g

2 2 | .2
=+ ys and s =2, —d;.

ds=Vr2+s2 = a2+ y2+ (zc—d1)?

where r

A second valid solution for 6, is fp = m+ Atan2(z.,y.) This will lead to a different solution for 8,.



Spherical Configuration (RRP) :

* These solutions for @,, are valid unless x, =y, = 0.

* In this case, Equation of @, 1s undefined and the manipulator is
in a singular configuration, in which the wrist center o,
intersects z, as shown in Figure.

* In this configuration any value of 8, leaves o, fixed.

* There are thus infinitely many solutions for €, when o,

intersects z,,.

* The negative square root solution for d; is disregarded and thus
in this case we obtain two solutions to the inverse position

kinematics as long as the wrist center does not intersect z,,.



Inverse Position: A Geometric Approach
Articulated Configuration (Elbow Manipulator)(RRR)

As in the case of the spherical manipulator, the first joint variable

1s the base rotation and there are two possible solutions provided

x, and y,. are not both zero.

Atan2(x¢, ye)

01 = m+ Atan2(x.,y.)

If both x., and y. are zero, the

configuration is singular as before and 0,

may take on any value.




Inverse Position: A Geometric Approach
Articulated Configuration (Elbow Manipulator)(RRR)

If there is an offset d # 0 then the wrist center cannot intersect g,,.

In this case, depending on how the DH parameters have assigned, we

will have d, = d or d; = d, and there will, in general, be only two

solutions for @, . @

These correspond to the so-called left arm and right arm configurations.




Inverse Position: A Geometric Approach
Articulated Configuration (Elbow Manipulator)(RRR)

For the left arm configuration

o = Atan2(z.,y.)
h = ¢-«a a = Atan2 (*\/ r2 — d?, d)
= Atan2 (\/$§ + y2 — d?, d)

The second solution, given by the right arm configuration

f1 = Atan2(x., y.) + Atan2 (—*\/ r2 —d2, —d)

91 = Q&+ ﬁ
a = Atan2(z., y.)
3 — ~im ——3 = Atan2 (—«./r? ) —d)

v = Atan2 (\/ r2 — dg?d)



Inverse Position: A Geometric Approach

To find the angles 0, ; 8; for the elbow manipulator given 8,

, we consider the plane formed by the second and third links.
Since the motion of second and third links is planar, the

solution 1s analogous to that of the two-link manipulator.

ppy te aw , cosines

Y

2., .2 .2 2
cosfly = A el Bl ST
2&2&3
B 22 +yi—d? + (20— d1)? — a3 — a3 D elbow up
B 2(12{13 o
s = Atan2 (D, +/1 — D2)
0o = Atan2(r,s) — Atan2(as + ascs, azss) " elbow down

Two Solutions exist

S S,

— Atan2 (\/xg +y2 —d? z. — dl) — Atan2(ag + ascs, asss)



Inverse Position: A Geometric Approach

An example of an elbow manipulator with

 —
offsets is the PUMA shown in Figure. ’l\

There are four solutions to the inverse f:“ Q >
position kinematics as shown.

These correspond to the situations left arm- @ )
clbow up, left arm-elbow down, right-arm EEEFINREE 40 Right Arm Elbow Up

elbow up and right arm-elbow down.

We will see that there are two solutions for

the wrist orientation thus giving a total of \
o

eight solutions of the inverse kinematics for ~— %

the PUMA manipulator.

Left Arm Elbow Down Right Arm Elbow Down



Inverse Orientation: An Algebraic Approach

We used a geometric approach to solve the inverse position problem.

This gives the values of the first three joint variables corresponding to a given position of the
wrist center.

The inverse orientation problem 1s now one of finding the values of the final three joint
variables corresponding to a given orientation with respect to the frame o;x;y;z2;.

For a spherical wrist, this can be interpreted as the problem of finding a set of Euler angles
corresponding to a given rotation matrix R.

In particular, we solve for the three Euler angles, ¢, 8,1 , and then use the mapping

Rzyz = R.4R,oR.y

cy —84 0 cg 0 sp ¢y —sy 0
s ¢4 O 0 1 0 Sy ¢y 0
0 0 1 —sp 0 ¢g 0 0 1

CHCHCep — SpSap  —CpCPSeyy — SpCoyp CpSp

= SpCOCyY + CpSyy  —SpCeSy + ChCyy S¢S0
—S5pCyp 508y Cp



Inverse Orientation: An Algebraic Approach

Articulated Manipulator with Spherical Wrist

€123 —C1523
1 0190/ d |6y 0
—>R3 = S51C23 —515923
2 a9 0 0 92 s c
23 23 Ve
3 as 0 0 93 B "‘
Yo
i CACRC/ — S456 —C4Cr56 — S4Cg €455 i
Rg = 54C5Ce + CaSg  —5S4C5S86 T C4Ce  S4S5
—5S5Cq 5556 Cx

Ry = (R3)'R

There are other solutions

f = Atan?2 (slrlg — 1793, j:\/l — (517113 — Cl’f“23)2)

0y = Atan2(cicasris + s10231r923 + S23733,
—(C15923713 — 515923723 + €237'33 >

Cq4S5 = (1C93T13 T S1C93793 + 593733

5455

‘_51523T13'_'51523T23'+'523T33)

C5 S1713 — €1723

95 — Atan?-(—sl-rll + 1791, 817192 — Cl?"gg)



Inverse Kinematics

Elbow Manipulator / Complete Solution

Given

_ _ _ - T. = 0. —der
Oy 1 T2 713 ¢ v TOTLS
Oy |, R=1 ro1 199 193 > Ye = Oy — dgr23

| 0z | 31 T32 733 | Ze = 0, — dgrsz

Atan2(zc, yc)
Atan?2 (\/IE + y2 — d?, z. — d-l)

—Atan2(ag + ascs, azss)

Atan?2 (D, +v 1 — Dg) :

with D =

There are possible other solutions

2+ y? —d? 4+ (ze — d1)? — a5 — a3

2asas
AtanQ(Clcgg?“lg -+ S§1€237123 + 523733,

—C1593713 — 51523723 + €23733)

Atan?2 (51?’*13 — 17923, d:\/l — (81'?‘13 - Cl?"23)2)

Atan2(—s1711 + c1721, S1712 — €1722)




Additional Examples on Algebraic Approach

Example: RPP Robot

Ty = A1AsAs =

€1
S1
0
()

0
0
—1
0

— 8
€1
0
0

Forward Kinematics:

r = —dgsinb

1y = dzcosbt

[ —

it

di1 + do

— 5143
crds
dy + do
1

|d1 = Cnnstant|




Additional Examples on Algebraic Approach

Example: RPP Robot

T = —dasinf

y = dzcostl
z =dqy + do

Inverse Kinematics:
1 —.L
01 = tan~ 1 ——
Y

do = z — dy

ds = \/.1?2 + 12

|d1 = C::mstant|




Additional Examples on Algebraic Approach

Example: RP Robot

Aj = A} = A3

ce, 0 S8, O 1 0 S8 0] Y Y,
AD — S'Hl ﬂ —CHI G }'-111 —_ D 1 ﬂ' ﬂ 'y
1o 0 L P00 1 d /
Lo 0 o0 1. 00 0 1. 7, 4 —
i Zy
ce, 0 S8, | T
Aﬂ — SEI 0 —Cﬁ'l xl dz Xl
710 1 0
L0 0 0 @ H'l
e h
Zo
T = dasint
Y, _Y
1y = —dgcosty N

=1



Additional Examples on Algebraic Approach

Example: RP Robot

) A

r = dosinby %
Z, =

Yy = —dycosth Z, ;
-_—ﬁ-
Xz dz Xl
z=1
. . &=L o
Inverse Kinematics: = I,

Zy

_1{'

Hl — th'H._ll— l
y "

dy = /22 + 12

Xo




MATLAB: Robotics System Toolbox

Inverse Kinematics

ik = inverseKinematics('RigidBodyTree',robot);

weights =[0.250.250.2511 1];

initialguess = robot.homeConfiguration;

[configSoln,solnlnfo] = ik(‘endeffector', T,weights,initialguess);
thetal=rad2deg(configSoln(1).JointPosition)
theta2=rad2deg(configSoln(2).JointPosition)

Result

thetal = 60.0000

theta2 = 30.0000




MATLAB: Robotics System Toolbox

Inverse Kinematics

Example: Stanford Manipulator

O

Zjﬂ,Zj,ch

_e B {D T Z4
D o,

=)

4

\

4

Link dz a; (8% 97,
1 0 O —90 | 64
2 do 0 —+90 | 6>
3 ds O O 0
4 O O —90 | 64
D O O —+90 Os
6 deg O O Os

27



MATLAB: Robotics System Toolbox
Example: Stanford Manipulator

robot = rigidBodyTree;
body1 = rigidBody('body1");
body2 = rigidBody('body2");
body3 = rigidBody('body3");
body4 = rigidBody('body4");

body5 = rigidBody('body5"); _6 )
body6 = rigidBody('body6");

bodyEndEffector = rigidBody(‘endeffector’);
%%0%6%6%0%6%6%0%%6%0%6%6%0%0%6%0%6%6%0%0%6%0%%6%0% %%

jntl = rigidBodyJoint('jnt1",'revolute'); - -

jnt2 = rigidBodyJoint('jnt2','revolute'); 0 A A

jnt3 = rigidBodyJoint('jnt3','prismatic'); 6 ( D - -t
jnt4 = rigidBodylJoint('jnt4', revolute'); L ! M

jnt5 = rigidBodyJoint('jnt5",'revolute'); : apy)

jnt6 = rigidBodylJoint('jnt6', revolute');
%%6%6%0%6%%%6%6%6%%6%%6%0%%6%6%6%0%6%%6 %% %% %% N

L0



MATLAB: Robotics System Toolbox
Example: Stanford Manipulator

jntl.HomePosition = deg2rad(0);
jnt2.HomePosition = deg2rad(0);
jnt3.HomePosition = 0.5;

jnt4. HomePosition = deg2rad(0);
jnt5.HomePosition = deg2rad(0);
jnt6.HomePosition = deg2rad(0);
%%0%0%%0%0%6%%0%%%%% %[ a alpha d theta]
dh1=[0 deg2rad(-90) 0 0];

dh2=[0 deg2rad(90) 1 0];

dh3=[0 0 0 0];

dh4=[0 deg2rad(-90) 0 0];

dh5=[0 deg2rad(90) 0 0];

dh6=[0 0 1 0];
%%0%0%%0%0%6%6%0%0%%0%0%6%6%0%0%6%%0%0%6%% %%

|
=1

_G _ Y
A
<o
6> A
6 e\ ¥
N Tz
X7
| o,
N
AN
1 Q) 0] —90 01
2 do o —+90 O
3 ds Q) O o
4 Q) 0) —90 04
5) o o —+90 Os
6 de 0] O O6




MATLAB: Robotics System Toolbox

Example: Stanford Manipulator

setFixedTransform(jntl,dh1,'dh");
setFixedTransform(jnt2,dh2,'dh");
setFixedTransform(jnt3,dh3,'dh");
setFixedTransform(jnt4,dh4,'dh");
setFixedTransform(jnt5,dhS5,'dh");
setFixedTransform(jnt6,dh6,'dh");
%%0%6%0%6%0%6%%6%%6%6%6%6%%6%%6%6%6%% %
bodyl.Joint = jntl;

body2.Joint = jnt2;

body3.Joint = jnt3;

body4.Joint = jnt4;

body5.Joint = jnt3;

body6.Joint = jnt6;
%9%0%690%690%6%0%6%6%6%690%6%%6%6%6%696%% %

|
O

L] 3
| S e,
ds
o5 Zjﬂ, <5,%6
_6_ | Y
N z4 A
* | Jo,
<o Z>
A A
<
WA - X
;QAJ Z 7 Yo
1 X2
1>
N
NS
1 O O —90 01
2 do O —+90 O
3 ds O 0 O
4 O O —90 04
5 @) Q) —+90 Os
6 deg O 0 O¢




MATLAB: Robotics System Toolbox
Example: Stanford Manipulator

addBody(robot,bodyl,'base');
addBody(robot,body2,'body1');
addBody(robot,body3,'body?2');
addBody(robot,body4,'body3');
addBody(robot,body5,'body4');
addBody(robot,body6,'body5');
addBody(robot,bodyEndEftfector,'body6');
%%0%%0%0%6%6%0%6%6%%6%6%%6%6%0%6%6%%6%6%%%6%% %%
config = homeConfiguration(robot)

config(1).JointPosition = deg2rad(60)
config(2).JointPosition = deg2rad(0)

config(3).JointPosition = 1

config(4).JointPosition = deg2rad(0)

config(5).JointPosition = deg2rad(60)
config(6).JointPosition = deg2rad(0)
%%0%%0%0%6%6%%6%6%%6%6%%6%6%0%6%6%%6%6%%%6%% %%

ds;
Zo
o> A
6 e 1
;QAJ Z7 Y2
Xy X2 '
| J e,
N

AN
1 Q) (@) —90 01
2 do o —-+90 02>
3 ds @) @) @)
4 (@) Q) —90 04
S5 O o —+90 Os
6 dg 0] @) O¢




MATLAB: Robotics System Toolbox
Example: Stanford Manipulator

T = getTransform(robot,config,'endeffector’,'base’)

LT
showdetails(robot) L 0
show(robot) o | Ty
%%%0%0%%0%6%6%6%6%6%6%0%0%%0%6%6%6%6%6%6%6%0% %% %% C--L OB, ¢
ik = inverseKinematics('RigidBodyTree',robot); x| >,
weights =[0.01 0.01 0.01 0.1 0.1 0.1];

initialguess = robot.homeConfiguration; 5 22 |
[configSoln,solnInfo] = ik(‘endeffector', T,weights,initialguess) C ;Q = L o
thetal=rad2deg(configSoln(1).JointPosition) N>
theta2=rad2deg(configSoln(2).JointPosition) @
d3=(configSoln(3).JointPosition) T T T o T
thetad=rad2deg(configSoln(4).JointPosition) A
thetaS=rad2deg(configSoln(5).JointPosition) A I O S
thetab=rad2deg(configSoln(6).JointPosition) 5|09 ool




Thank You

Any Questions ??



	Slide 1: MCT344/MCT342/CSE373/CSE471  Industrial Robotics
	Slide 2: Today’s Agenda
	Slide 3: Introduction
	Slide 4: Introduction
	Slide 5: Introduction
	Slide 6: Introduction
	Slide 7: Kinematic Decoupling
	Slide 8: Kinematic Decoupling
	Slide 9: Kinematic Decoupling
	Slide 10: Kinematic Decoupling
	Slide 11: Inverse Position: A Geometric Approach
	Slide 12: Inverse Position: A Geometric Approach
	Slide 13: Inverse Position: A Geometric Approach
	Slide 14: Inverse Position: A Geometric Approach
	Slide 15: Inverse Position: A Geometric Approach
	Slide 16: Inverse Position: A Geometric Approach
	Slide 17: Inverse Position: A Geometric Approach
	Slide 18: Inverse Position: A Geometric Approach
	Slide 19: Inverse Orientation: An Algebraic Approach
	Slide 20: Inverse Orientation: An Algebraic Approach
	Slide 21: Inverse Kinematics
	Slide 22: Additional Examples on Algebraic Approach
	Slide 23: Additional Examples on Algebraic Approach
	Slide 24: Additional Examples on Algebraic Approach
	Slide 25: Additional Examples on Algebraic Approach
	Slide 26: MATLAB: Robotics System Toolbox
	Slide 27
	Slide 28: MATLAB: Robotics System Toolbox
	Slide 29: MATLAB: Robotics System Toolbox
	Slide 30: MATLAB: Robotics System Toolbox
	Slide 31: MATLAB: Robotics System Toolbox
	Slide 32: MATLAB: Robotics System Toolbox
	Slide 33: Thank You  Any Questions ??

